The interaction between an atom and the electromagnetic field inside a cavity 1-6 has played a crucial role in the historical development of our understanding of light-matter interaction and is a central part of various quantum technologies, such as lasers and many quantum computing architectures. The emergence of superconducting qubits 7, 8 has allowed the realization of strong 9, 10 and ultrastrong [11] [12] [13] coupling between artificial atoms and cavities. If the coupling strength g becomes as large as the atomic and cavity frequencies (∆ and ω o respectively), the energy eigenstates including the ground state are predicted to be highly entangled 14 . This qualitatively new regime can be called the deep strong-coupling regime 15 , and there has been an ongoing debate [16] [17] [18] We begin by describing the Hamiltonian of each component in the qubit-oscillator circuit, which comprises a superconducting flux qubit and an LC oscillator inductively coupled to each other by sharing a tunable inductance L c , as shown in the circuit diagram in Fig. 1a .
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The Hamiltonian of the flux qubit can be written in the basis of two states with persistent currents flowing in opposite directions around the qubit loop 19 , |L q and |R q , as H q = − (∆σ x + εσ z )/2, where ∆ and ε = 2I p Φ 0 (n φq − n φq0 ) are the tunnel splitting and the energy bias between |L q and |R q , I p is the maximum persistent current, and σ x, z are Pauli matrices. Here, n φq is the normalized flux bias through the qubit loop in units of the superconducting flux quantum, Φ 0 = h/2e, and n φq0 = 0.5 + k q , where k q is the integer that minimizes |n φq − n φq0 |. The macroscopic nature of the persistent-current states enables strong coupling to other circuit elements. Another important feature of the flux qubit is its strong anharmonicity: the two lowest energy levels are well isolated from the higher levels.
The Hamiltonian of the LC oscillator can be written as H o = ω o (â †â + 1/2), where oscillator, where L 0 is designed to be as small as possible to maximize the zero-point fluctuations in the current I zpf = ω o /2(L 0 + L qc ) and hence achieve strong coupling to the flux qubit, while C is adjusted so as to achieve a desired value of ω o . The freedom of choosing L 0 for large I zpf is one of the advantages of lumped-element LC oscillators over coplanarwaveguide resonators for our experiment. Another advantage is that a lumped-element LC oscillator has only one resonant mode. Together with the strong anharmonicity of the flux qubit, we can expect that our circuit will realize the Rabi model [20] [21] [22] [23] , which is one of the simplest possible quantum models of qubit-oscillator systems, with no additional energy levels in the range of interest.
The coupling Hamiltonian can be written as 9 H c = gσ z (â +â † ), where g = M I p I zpf is the coupling energy and M ( L c ) is the mutual inductance between the qubit and the LC oscillator. Importantly, a Josephson-junction circuit is used as a large inductive coupler
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( Fig. 1c) , which together with the large I p and I zpf allows us to achieve deep strong coupling.
The total Hamiltonian of the circuit is then given by
Nonlinearities in the coupler circuit lead to higher-order terms in (â +â † ). The leading-order term can be written as C A2 g(â +â † ) 2 and is known as the A 2 term 16 in atomic physics.
Since this A 2 term can be eliminated from H total by a variable transformation (see Methods),
we do not explicitly keep it and instead use Eq. (1) for our data analysis.
Spectroscopy was performed by measuring the transmission spectrum through a coplanar transmission line that is inductively coupled to the LC oscillator (see Supplementary Information, section S3). For a systematic study of the g dependence, five flux bias points in three circuits were used. Circuit II is designed to have larger values of g than the other two, and The parameters are obtained from five sets of spectroscopy data in three circuits. The column " Figure" shows the corresponding
figures. "SI" stands for Supplementary Information.
ground state. Theoretical fits to ω ij were obtained by diagonalizing H total , treating ∆, ω o , and g as fitting parameters. The obtained parameters are shown in Table I . The calculated transition frequencies ω cal ij are superimposed on the measured transmission spectra. As g increases, the anticrossing gap between the qubit and the oscillator frequencies at ε ±ω o becomes smaller and the signal from the |1 → |3 transition gradually transforms from a W shape to a Λ shape in the range |ε| ω o . These features are seen in both the experimental data and the theoretical calculations, with good agreement between the data and the calculations. Note that ω o depends on the qubit state and ε via L qc , which results in the broad V shape seen in the spectra (see Supplementary Information, section S2 ).
To capture signals from more transitions, the transmission spectra in a wider ω p range and a smaller ε range were measured, as shown in Fig. 3a for circuit I at n φq = −1.5. As we approach the symmetry point ε = 0, the signals from the |0 → |2 and |1 → |3 transitions disappear while signals from the |0 → |3 and |1 → |2 transitions appear near ω To conclude this analysis of the observed transmission spectra, the fact that the frequencies of the spectral lines and the points where they become forbidden follow, respectively, ω cal ij and |T ij | lends strong support to the conclusion that H total accurately describes our circuits. Importantly, in circuits II and III, g is larger than both ω o and ∆, emphasizing Using our experimental results, we can make a statement regarding the A 2 term and the superradiance no-go theorem 16 in our setup. A direct consequence of the no-go theorem is that, provided that the condition of the theorem (C A2 > g/∆) is satisfied, the system parameters will be renormalized such that the experimentally measured parameters will satisfy the inequality 2g/ √ ∆ω o < 1 (see Methods). However, in all five cases in our experiment, we find that 2g/ √ ∆ω o > 1, with the ratio on the left-hand side ranging from 2.4 to 9.6 (see Table I ). These results demonstrate that the A 2 term in our setup does not satisfy the condition of the no-go theorem and therefore does not preclude a superradiant state. In fact, we expect that C A2 1 as shown in Methods.
The energy eigenstates of the qubit-oscillator system can be understood in the following way. In the absence of coupling, the energy eigenstates are product states where the oscillator is described by a Fock state |n o with n plasmons. Because of the coupling to the qubit, the state of the oscillator is displaced in one of two opposite directions depending on the persistent-current state of the qubit 25 :
is the displacement operator, and α is the displacement. The amount of the displacement is approximately ±g/ω o . As the energy eigenstates of an isolated qubit at ε = 0 are superpositions of the persistent-current states, |g q = (|L q + |R q )/ √ 2 and |e q = (|L q − |R q )/ √ 2, the energy eigenstates of the qubitoscillator system at ε = 0 are well described by Schrödinger-cat-like entangled states between arbitrary g g = 0
The left two columns are written in the energy eigenbasis while the right two columns are written in the tensor product basis of qubit and oscillator states.
At g ω o /2, there is an energy-level crossing and the energy eigenstates persistent-current states of the qubit and displaced Fock states of the oscillatorD(±α)|n o , as shown in Table II . Note that the displaced vacuum stateD(α)|0 o is the coherent state
Although the above picture works best when ω o ∆, theoretical calculations show that it also gives a rather accurate description for circuit III (with ω o /∆ = 1.44) (see Methods). The vanishing of the spectral lines corresponding to the |0 → |2 and |1 → |3 transitions at ε = 0 is a consequence of the symmetric form of the energy eigenstates. This symmetry is expected from the current-inversion symmetry in the Hamiltonian H total , and it supports the theoretical prediction that the energy eigenstates at that point are qubit-oscillator entangled states.
Using H total and the parameters shown in Table I , we can calculate the qubit-oscillator ground-state entanglement E gs (see Supplementary Information, section S5). In all cases, E gs 90%, and for circuit II in particular E gs = 99.88%. In comparison, the ground-state entanglement for the parameters of Refs. 12 and 13 is 6% and 4%, respectively. It should be noted here that in all five cases in our experiment there will be a significant population in the state |1 in thermal equilibrium, and the thermal-equilibrium qubit-oscillator entanglement will be reduced to below 8% for circuits I and II, and 25% for circuit III (see Supplementary   Information , Table S1 ).
In conclusion, we have experimentally achieved deep-strong coupling between a superconducting flux qubit and an LC oscillator. by the Japanese Society for the Promotion of Science (JSPS).
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, where a c I c ≡ I cM is the critical current of the Josephson junction. We thus assume that M can similarly be written as
The nonlinearity of M (I b ) up to second order in δI b can be written as
The coupling Hamiltonian can be written as
the current operator of the oscillator, and the currentÎ q +Î o flows through the mutual inductance. Typically, I p I zpf . Taking into account the nonlinearity of M (Î q +Î o ), the coupling Hamiltonian is written as
where
and
Here, we considerd terms up to second order in I zpf /I p . We find that 1
considering the following relation, The total Hamiltonian of the circuit considering the nonlinearity of M up to first order in I zpf /I p is given by
where the first term is the Hamiltonian of the flux qubit, the second term is the Hamiltonian of the LC oscillator, and the third term is the coupling Hamiltonian. The fourth term proportional to (â +â † ) 2 is known as the A 2 term in atomic physics. This term can be eliminated by a variable transformation as
and the new field operators,b
andb
are used. The form of the Hamiltonian in Eq. (9) is exactly the same as the one where the coupling term is linear in (â +â † ), which is given by
Note that the transformation described by Eqs. (12) and (13) Condition for superradiant phase transition. In cases where one expects a sharp transition from a normal to a superradiant state, e.g. when ∆ ω o or when the single qubit is replaced by a large ensemble of N qubits (and g is defined to include the ensemble enhancement factor √ N ), the phase transition condition (without the A 2 term) is:
After taking into account the renormalization of ω o and g caused by the A 2 term as described above, the condition for the phase transition becomes
or in other words
If the parameters are constrained to satisfy the relation C A2 > g/∆, the right-hand side increases whenever we increase the left-hand side, and no matter how large g becomes it will never be strong enough to satisfy the phase transition condition. This can indeed be the case with atomic qubits, and it leads to the no-go theorem in those systems 16 .
Fidelities of qubit-oscillator entangled states for circuit III. The fidelity between two pure states |φ and |ψ is given by F (|φ , |ψ ) = | φ|ψ | 2 . For circuit III, the fidelities between the four lowest energy eigenstates given in Table II |i TII and the corresponding exact 
SUPPLEMENTARY INFORMATION S1. FLUX BIAS DEPENDENCE OF THE COUPLER'S CRITICAL CURRENT
The circuit diagram of the coupler in circuit I is shown as the black part of the circuit in 
Here, we ignore the sum of the kinetic and geometric inductances of the superconducting lead, which is at least an order of magnitude smaller than those of the Josephson junctions.
Using Eqs. (S18)-(S20), I coup can be written as
= 2I c [sin(ϕ a + πn φc ) cos(πn φc ) + sin(ϕ a + 5πn φc ) cos(πn φc )] = 4I c sin(ϕ a + 3πn φc ) cos(2πn φc ) cos(πn φc ).
Thus, the critical current of the coupler I c(coup) can be described by the ratio a c (n φc ) = I c(coup) I c = 4 cos(2πn φc ) cos(πn φc ).
Now, the coupler junctions in 
where n φcII is the normalized flux bias through the SQUID loop. Thus, the circuit diagram of the flux qubit in circuit II is also described by Fig. S1b . = Φ 0 /(2πI c cos ϕ
), and L
|L(R) J4
= Φ 0 /(2πa c I c cos ϕ
.
(S25) Figure S2d shows the flux-bias dependence of L |L qc and L |R qc , which can be approximately described as It is more convenient to describe the qubit-state-dependent inductance using the energy eigenstates of the qubit, |g q and |e q , as
where σ eig z is Pauli matrix in the energy eigenbasis, σ x, z are Pauli matrices in the persistentcurrent basis, θ is defined as cos θ = ε/ √ ∆ 2 + ε 2 , and L |g(e) qc is the inductance across the qubit and the coupler when the qubit state is |g(e) q . The relation between the persistentcurrent states and the energy eigenstates of the qubit is written as between two cases of |L q and |R q , which is less than 1 % and we ignore it in the analysis in the main text and the consideration of the nonlinearity of M in Methods.
S3. MEASUREMENT SETUP
On each of two sample chips that we prepared, there are four qubit-oscillator circuits coupled to a single coplanar transmission line. In order to make them easily identifiable, we designed the four oscillators to have different resonant frequencies and the four qubits to have different areas. The energy spectroscopy of the qubit-oscillator circuit is performed via the coplanar transmission line, which is inductively coupled to the LC oscillator, as shown in Fig. S4 . The probe microwave signal is continuous, sent from a network analyzer (Agilent N5234A), and attenuated in the signal input line before arriving at the sample, which is placed in a magnetic shield. The transmitted signal from the sample is amplified (by Caltech cryogenic LNA model CITCRYO1-12A) and measured by the network analyzer.
When the frequency of the probe signal ω p matches the frequency of a transition between two energy levels, the transmission amplitude decreases, provided that the transition matrix element is not zero. The input power is kept as low as possible to avoid cascade transitions, such as the transition |i → |j followed by |j → |k when ω p ω ij ω jk . The samples are measured in a dilution refrigerator with a nominal base temperature of 10 mK. From the depth ratio of the signals from the |0 → |2 and |1 → |3 transitions shown in Fig. 3a in the main text, which is directly related to the population ratio of the states |0 and |1 , the temperature of circuit I at n φ = −1. 
, of the reduced density operators of the oscillator tr q (|0 0|) and tr q (|2 2|) in the case of circuit II, where the states |0 and |2 are calculated from H total using the parameters in Table I in the main text, and tr q is the partial trace over qubit states. The states tr q (|0 0|) and tr q (|2 2|) are well described by mixtures of the two coherent states | ± α and the two displaced Fock statesD(±α)|1 separated from each other by 2α = 2.67, where the overlap between the two coherent states is −α|α = 0.028.
S5. EVALUATION OF QUBIT-OSCILLATOR ENTANGLEMENT
The qubit-oscillator entanglement in the ground state can be evaluated as the (base-2)
von Neumann entropy of the qubit 30 :
where ρ q is the qubit's reduced density matrix obtained by tracing out the oscillator degree of freedom from the qubit-oscillator ground state. Figure S8 shows E gs as a function of α, where α is g/ω o . We can see from this figure that E gs increases and approaches 1 as α increases above 1.
The entanglement for the thermal-equilibrium state can be evaluated as twice the Nega- tivity 30 (which is one of the mixed-state entanglement measures used in the literature):
where λ are eigenvalues of ρ Γ , ρ is the thermal-equilibrium density matrix of the qubitoscillator system, the superscript Γ indicates taking the partial transpose with respect to the degree of freedom of either the qubit or the oscillator, and the sum is taken over the negative eigenvalues only. The factor 2 is used to make E te range from 0 to 1. The horizontal signals at 6.12 GHz and 6.75 GHz are from other qubit-oscillator circuits that are coupled to the transmission line and can be ignored here.
Numerically calculated values for the ground-state entanglements E gs and thermalequilibrium entanglements E te for all five sets of spectroscopy data in the three circuits are summarized in Table S1 . In all cases, E gs is quite high while E te is substantially lower than E gs due to significant population in the state |1 . For circuits I and II, which have similar values of ∆, E te decreases as g increases, which is explained by the suppression of the qubit frequency at ε = 0 from its bare value (see Fig. S9 and Ref. 25 ):
and the resulting increase in thermal excitation of the state |1 . The relatively high value of E te for circuit III is due to its large ∆ and hence lower population in the state |1 . We have calculated E gs for the parameters of Refs. 12 and 13 and found that the values are, respectively, 6% and 4%. Note that in calculating E gs for Ref. 12 , out of the different modes of the coplanar waveguide resonator we only consider the mode that is most strongly coupled to the qubit.
If we include all the three modes that are relevant to that experiment, we find that the The states |0 and |2 are calculated from H total using the parameters in Table I in the main text, and tr q is the partial trace over qubit states.
entanglement between the qubit and the three harmonic oscillators combined is 11%.
Although E gs and E te can be evaluated by numerical calculation, it is worth deriving approximate expressions for them, which gives a more intuitive picture of the qubit-oscillator entanglement. The qubit-oscillator ground state at ε = 0 can be approximated as
Taking into consideration the fact that α| − α = e −2α 2 , the qubit's reduced density matrix is given by
The eigenvalues of ρ q are then 1 ± e −2α 2 /2. The entanglement can be evaluated using Eq. (S29):
which when expanded to second order in e −2α 2 gives Figure S8 shows the entanglement calculated based on the approximate expression for the ground state Eq. (S32), with and without the small e −2α 2 approximation, along with the Equation (S35) is a poor approximation for α < 0.5, because when we expanded the logarithm in a Taylor series we assumed a small value of e −2α 2 . Figure S8 suggests that Eqs. (S34) and (S35) deviate from the exact result for α > 1.5 as well. It should be noted, however, that the absolute value of the error in these approximate expressions decreases monotonically and approaches zero as α → ∞. It is only when the error is compared to the rapidly decreasing quantity 1 − E gs that the approximate expressions seem to deviate from the exact result for large values of α. It can also be seen in Fig. S8 that the approximate expression Eq. (S32) leads to an overestimation of the entanglement. This overestimation is due to the fact that Eq. (S32) is obtained by ignoring the σ x term in the Hamiltonian (except for its role in identifying the symmetric superposition as the ground state of the coupled system). Because this term does not contain oscillator operators, it favours having a superposition of the states |L q and |R q with the state of the oscillator being independent of the state of the qubit. It therefore favours a slightly increased overlap (in the state of the oscillator) between the two branches of the superposition than the overlap present in Eq. (S32), and the increased overlap leads to a reduction in the entanglement.
A quick estimate for the entanglement in the thermal-equilibrium state E te can be obtained by taking the product E te E gs × (p 0 − p 1 ) = 1 − e −4α 2 2 ln 2 × tanh ∆e
where p 0 and p 1 are, respectively, the occupation probabilities of the states |0 and |1 , and k B The parameters are obtained from five sets of spectroscopy data in three circuits. The ground-state qubit-oscillator entanglement E gs and the thermal-equilibrium entanglement E te are calculated numerically using the energies and energy eigenstates obtained using Hamiltonian diagonalization and are essentially exact. In the calculations of p 0 − p 1 and E te , T = 45 mK is used.
is the Boltzmann constant. When α = 0, one obviously has E te = E gs = 0 (although the rightmost part of Eq. (S36) gives a finite value because it contains a poor approximation for E gs in that limit). On the other hand, when α increases to very large values, E gs approaches one but p 0 − p 1 approaches zero. As a result, there is an optimal value of α that balances between maximizing the ground-state entanglement and maximizing the ground-state occupation probability.
Although the above estimate for the thermal-equilibrium entanglement might seem very hand-waving, it turns out to be a rather good estimate, especially in the limits of large E gs or large p 0 − p 1 . For example, if we consider a statistical mixture of two complementary twoqubit Bell states, e.g. (|1 ⊗ |0 ± |0 ⊗ |1 )/ √ 2, with probabilities p 0 and p 1 , the negativity multiplied by two takes the simple form 2N = |p 0 − p 1 |.
As a result, our estimate is rather accurate when α is large and therefore E gs is very close to one, because in this limit the overlap between the oscillator states |α and |−α approaches zero and the lowest two energy eigenstates do indeed form a pair of complementary Bell states. Similarly, if we take the opposite limit where ω 01 k B T and p 0 − p 1 is close to one, thermal population of the excited states can be ignored, and the ground-state entanglement E gs becomes a good estimate for the thermal-equilibrium entanglement.
Before concluding, it is worth pointing out here the difference between the coefficient 4 inside the exponent in Eq. (S35) and the coefficient 2 inside the exponent in Eq. (S31).
